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Math., 32(1999), 495-502) $f\grave{.}*$
:
$\mathrm{W}\mathrm{i}\mathrm{r}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{e}\mathrm{r}’\mathrm{s}$ inequality :






$H$ ‘ Hilbert $\varphi,$ $\psi$
(1) $\varphi\in C^{1}((0,1],$ $R)$ such that $\lim_{t\downarrow 0}t\varphi(t)$ and $\lim_{l\downarrow 0}t^{2}\varphi’(t)$ exist.
(2) $\psi\in C^{1}$ ( $|0$ , , $R$) $.$ .
. $x,$ $y\in C^{1}([0,1], H)$ $x(0)=y(0)=0$ and $\varphi(1)\psi(1)<x(1),$ $y(1)>=0$
$| \int_{0}^{1}(\varphi\psi)’(t)<x(t),$ $\vee \mathrm{v}(t)>dt|\leq\frac{1}{2}[\int_{0}^{1}\varphi^{2}(t)(|x(t)|^{-}’+||_{\vee}\mathrm{v}(t)|^{2})dt+\int_{0}^{1}\psi^{2}(t)(|x’(t)|^{-}’+|y’(t)|^{-}’)dt]$
$(0, 1]$ $\varphi x+\psi y’’=\psi x’+\varphi y=0$
$-\varphi x+\psi y’=\psi x’-\varphi y=0$
Put
$q(t)=||\varphi(t)x(t)+\psi(t)y’(t)|-’ +|\psi(t)x’(t)+\varphi(t)_{\vee}\mathrm{v}(t)|\underline’(0<t\leq 1)$ .




$2 \int_{0}^{1}\varphi(t)\psi(t)<x(t),$ $y(t)>’dt= \int_{0}^{1}q(t)dt-\int_{0}^{1}\varphi^{2}(t)(|x(t)|^{-}’+|y(t)|^{\sim}’)dt$
$- \int_{0}^{1}\psi^{2}(t)(|x’(t)|^{-}’+|y’(t)|\underline’)dt$
holds. Note also that
$\int_{0}^{1}\varphi(t)\eta<t)<x(t),$ $y(t)> \prime dt=-\int_{0}^{1}(\varphi\psi)’(t)<x(t),$ $y(t)>ae$
holds. Therefore by the above two $\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{l}\mathrm{i}\dot{\mathrm{u}}\mathrm{e}\mathrm{s},$we have
$2l_{()}^{1}(\varphi\psi)’(t)<x(t),$ $\prime v(t)>dt\leq\int_{0}^{1}\varphi^{2}(t)(|x(t)|^{2}+|y(t)|^{2})dt+\int_{0}^{1}\psi^{\sim}’(t)(|x’(t)|^{2}+|y’(t)|^{2})dt$.
The equality is attained if and only if $\int_{0}^{1}q(t)dt=0,$ that is
$\varphi(t)x(t)+\tau\mu r)y’(t)=1\mu r)x’(t)+\varphi(t)y(t)=0$
for all $t\in(0,11.$ Replacing $\varphi$ by $-\varphi$ in the aMve argument, we can obtain the desired
result.
$x=y$
1. $x\in C^{1}([0,1], H)$ $x(0)=\varphi(1)\mathrm{w}1)x(1)=0$
$\int_{0}^{1}((\varphi\psi)’(t)-\varphi\underline’(t))|x(t)|^{2}dt\leq\int_{0}^{1}\psi^{-}’(t)|x’(t)|^{2}dt$ .
$\varphi(t)x(t.)+\eta\chi t)x’(t)=0(0<t\leq 1)$
1. $0<\alpha<.\pi,$ $\varphi_{\alpha}(t)=\cot\alpha t(0<t\leq 1),$ $\psi_{\alpha}(t)=-\frac{1}{\alpha}(0<t\leq 1)$
$\varphi_{\alpha},$ $\psi_{a}$
(1), (2) (\mbox{\boldmath $\varphi$}\mbox{\boldmath $\alpha$}\psi )$\circ$ (t)-\mbox{\boldmath $\varphi$} 2(t) $=1(0<t\leq 1)$ 1
Hilebert space case I $\mathrm{W}\mathrm{i}\mathrm{r}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{e}\mathrm{r}’\mathrm{s}$ inequality :
(3) $\int_{0}^{1}|x(t)|\underline’ dt\leq\frac{1}{\pi^{-}},\int_{0}^{1}|x’(t)|\underline’ dt$ ($x\in C^{1}([0,1],$ $H)$ with $x(0)=x(1)=0$)
$\varphi_{\alpha}(1)=0$ if $\alpha=\frac{\pi}{2}$
(4) $\int_{()}^{1}|x(t)|\underline’ dt\leq\frac{4}{\pi^{-}},\int_{\mathit{0}}^{1}|x’(t)|^{2}dt(x\in C^{1}(|0,1],$ $H)$ wiffi $x(0)=0)$
(4) Banach
2. $\alpha\in R,$ $\lambda\geq- 1$ with $\lambda\neq-\frac{1}{2},$ $\varphi(t)=\alpha t^{\lambda}(0<t\leq 1),$ $\eta\langle t$) $=t^{\lambda+1}(0\leq t\leq 1)$
$\varphi,$ $\psi$ (1), (2) ( )’(t)-\mbox{\boldmath $\varphi$}’\tilde (t) $=(\alpha(2\lambda+1)-\alpha\underline’)t^{\lrcorner}’(0<t\leq 1)$
$\max_{\alpha\in R}(\alpha(.2\lambda+1)-\alpha^{-}’)=(2\lambda+1)\underline’/4$ 1
(5) $\int_{0}^{1}|x(t)|\underline’ t^{-\lambda}’ dt\leq\frac{4}{(2\lambda+1)}\underline,\int_{0}^{1}|x’(t)|^{\sim}’ t^{2(\lambda+1)}dt$ ($x\in C^{1}([0,1],$ $H)$ with $x(0)=x(1)=0$)
(5) $\lambda=2$ and $H=.R$ $\mathrm{B}\mathrm{e}\mathrm{e}\mathrm{s}\mathrm{a}\mathrm{c}\mathrm{k}’\mathrm{s}$ inequality
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2. $E$ Banach $x\in C^{1}([0,1], E)$ with $x(0)=0$ [
$\varphi(1)\psi(1)=0$ and $\varphi^{2}(t)<(\varphi\psi)’(t)(0<t<1)$
$\int_{0}^{1}((\varphi\psi)’(t)-\varphi\underline’(t))||x(t)$ #-,dt $\leq\int_{0}^{1}\psi^{2}(t)|x’(t)||\underline’ dt$
$\varphi(t)|x(t)|+\psi(t)|x’(t)|=0(0<t<1)$ and $\frac{d}{dt}|x(t)|=|x’(t)|(0<t<1)$
Set $f(t)= \int_{0}^{t}|x’(\tau)|d\tau$ $(0\leq t\leq 1).$ Then $f’(t)=|x’(t)|(0\leq t\leq 1)$ and $f(0)=0$.
Then Corollary 1implies that
$\int_{()}^{1}((\varphi\psi)’(t)-\varphi^{2}(t))f(t)^{2}dt\leq\int_{0}^{1}\psi^{2}(t)f’(t)^{2}dt=\int_{0}^{1}\psi^{2}(t)|x’(t)|\underline’ dt$.
Note that $x(t)= \int_{0}^{t}x’(\tau)d\tau(0\leq t\leq 1.)$ and then $|x(t)|| \leq\int_{0}^{t}|x’(\tau)|d\tau=f(t)(0\leq t\leq 1)$.
Therefore $[(\varphi\psi)’(t)-\varphi\underline’(t)]|x(t)|^{2}\leq[(\varphi\psi)’(t)-\varphi^{2}(t)]f(t)^{2}(0\leq t\leq 1)$ by phypothesis and
hence we obtain the desired inequality.
3. 1 2 (4) Banach
1. (3) Banach ?
4. $\alpha\in R,- 1\leq\lambda<-\frac{1}{2},$ $\varphi(t)=\frac{2\lambda+1}{2}t^{\lambda}(0<t\leq 1),$ $\psi(t)=(1- t)t^{\lambda+1}(0\leq t\leq 1)$
$\varphi,$ $\psi$ (1), (2) [ \leftrightarrow \psi )
$\circ$ (t)-\mbox{\boldmath $\varphi$}2(t) $\geq(2\lambda+1)^{2}t^{2\lambda}/4>0$
$(0<t<1)$ $\psi(1)=0$ $E$ Banach
2
$\int_{0}^{1}|x(t)|^{2}t^{-\lambda}.’ dt\leq\frac{4}{(2\lambda+1)^{-}},\int_{0}^{1}|x’(t)|^{-}’ t^{2(\lambda+1)}dt$ ($x\in C^{1}([0,1],$ $E)$ with $x(0)=0$)
2. $\lambda<-\frac{1}{2}$ Banach (5)
2
3. $\lambda\in C^{1}(|0,1],$ $R)$ $\lambda’(t)<0(0<t<1),$ $\lambda(0)=1,$ $\lambda(1)=0$
$E$ Banach $x\in C^{1}([0,1], E)$ $x(1)=0$ [ $\varphi(1)\psi(1)=0$
$\varphi^{2}(t)<(\varphi\psi)’(t)(0<t<1)$
$\int_{0}^{1}\frac{\varphi\psi)’(\lambda^{-1}(t))-\varphi^{-}(\lambda^{-1}(t))}{-\lambda’(\lambda^{-1}(t))},||x(t)|\underline’ dr\leq\int_{0}^{1}-\lambda’(\lambda^{-1}(t))\psi^{2}(\lambda^{-1}(t.))|x’(t)|^{-}’ dt$
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